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MON TOAN - TRUONG THPT CHUYEN KHOA HQC TU NHIEN (VONG 1)
Cau 1: (3,5 diém) a) Gidi phuong trinh X+ 2,/(x+1)(x+6) +2/x+1=2+2x+6

X2 +6Y° +7xy+x+6y=21

b) Giai hé phuong trinh
) ¥ PIOnS {21(22—5y2—5xy+x—4y)—27(x+6y)

4 2
Céu 2: (2,5 diém) a) Tim tt ca cac cip sd nguyén x, y thoa man y+ 1 = LZXH
y 2x(x +1)

b) X¢ét cac sb thuc duong a, b, ¢ théa man a+b+c =g

Tim gia tri nho nhét ctia biéu thirc

¥a . 0 . e
(2-a)’(a+2b) (2-b)’(b+2c) (2-c)’(c+2a)

Céau 3: (3 diém) Cho tam gi4ac ABC nhon, khong can. Trén cac canh CA va AB lan luot liy cac diém E, F
(khong tring véi cac dinh cua tam giac) sao cho AE = AF . Trén duong thang EF |, liy cac diém M, N sao
cho duong thing CM vudng goc voi dudng thang CA va duong thang BN vudng goc véi dudng thang BA
. Goi K 12 giao diém cua hai duong thing BN va CM .

a) Chtg minh rang KN = KM

b) Dung cac hinh binh hanh ANQF va AMRE . Chimg minh ring Z/NQK = /MRK

¢) Goi L, J 1an lugt 14 hinh chiéu vudng goc ciia cac diém M, N trén duong thang BC ; S 1a giao diém ctia
hai duong thang JF va LE; T 1a diém ddi xtmg v6i diém S qua duong thang EF . Chirng minh rang ba diém
A T, K thang hang

Céu 4: (1 diém) Tim sé nguyén duong k nhé nhét sao cho véi moi cach sip xép 99 diém mau do va 100
diém mau xanh trén mit phang (khong c6 ba diém nao thang hang), ta luén vé& dugc k dudng thiang, mdi
duong thang khong di qua diém nao trong cac diém trén va cic dudng thang d6 chia mit phing thanh cac

mién ma trong moi mién khong c6 hai diém khac mau
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Céu 1: (3,5 diém) a) Giai phuong trinh X +2 (X+1)(X+6) +2v/x+1=2+2JXx+6

X2 +6Y° +7xy+x+6y=21
b) Giai hé phuong trinh )
21(22-5y* —5xy+x—4y) =27(x+6Y)
Loi giai:
a) Piéu kién x4c dinh x>-1
Truong hop 1: x>0

Vi x>0 nén x+1>1
Do d6 2,/(x+1)(x+6) >2v/x+6 va X+240x+1>0+2=2
Khi @6 x+2 (x+1)(x+6)+2\/x+1>2+2\/x+6

Truong hop 2: -1<x<0

Vi -1<x<0 nén 0<x+1<1

Do d6 2,[(x+1)(x+6) <2/x+6 va x+2/x+1<0+2=2

Khi d6 x+2,/(x+1)(x+6) +2J/x+1<2+2Jx+6

Truong hop 3: X =0

Thay x =0 vao phuong trinh d cho ta thiy thoa mén

Vay phuong trinh c6 nghiém duy nhat x=0

b) Phuong trinh thtr nhét viét lai thanh (X+6y)(x+y+1)=21(1)

T day suy ra x+6y =0

Thay vio phuong trinh thit hai 21(21+1-5y? ~5xy + x—4y) = 27(x+6Y) ta co
(x+6y)(x+y+1)[(x+6y)(x+y+1)+1—5y2—5xy+ x—4y]=27(x+6y)
Hay (x+6y)(x+y+1)(x+ y+l)2 =27(x+6y)

Suyra (x+6y)(x+ y+1)3 =27(x+6yY)

Do x+6y=0 nén (x+ y+1)3=27 hay x+y=2(2)

Két hop véi (1) ta duge x+6y =7 (3)

Tu (2) va(3) taduge x=1, y=1
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Vay h¢ phuong trinh c6 nghiém (X;y)=(1;1)

4 2
Céu 2: (2,5 diém) a) Tim tt ca cac cip sd nguyén x, y thoa man y+ 1 = L;(H
y 2x(x +1)

(Z—a)2 (a+2b) (2—b)2 (b+2c) (2—c)2 (c+2a)

b) M =

Loi giai:
a) Piéu kién x =0, y =0

x2+1  2x
+ 2
2X X

+1
X*+1) (1 2x
Ha - +| —= =0
y(y 2x J y x2+1j

N
Do d6 (y—x +1j 1—L]=0

Taco: y+£=
y

2X

Truong hop 1: y=

Vi yeZ nén (x*+1)ix

Suyra 1:x (vi x*:x)

Ma XxeZ nén x=+1

Truong hop 2: 1—%=0
y(x +1)

2X

Khido y=
y x2+1

lesl nén 0<y<1
X"+

Vi 0<

Ma yeZ nén y=1

2X

x2+1

Do do =1 hay (x-1)" =0

Khi d6 x=1
Thr lai ta thiy cac gia tri x, y tim duoc déu thoa mén
Vay céc cip sO (X;y) thoaman 1a (L1) va (-1-1)

b) Taco: M = a + P + ¢

fa? (2-a)’ (a+20) o7 (2-b) (b+2c) Yc?(2-c)(c+2a)

Ap dung bt dang thirc Cauchy ta co
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1 a.'|'a.-|-1 32
§/a7=§/§.3 aa— s%/f.—2=—(4a+1)
2 3 6
Do do
Y2 32

Ja? (2-a)’ g?(4a+1)(2—a)2 =§(4a+1)(4—2a)(4—2a)

IA

ﬁ.(4a+1+4—2a+4—2a)3 95
24 27 8

DodéMZS(a + b + ¢
92\a+2b b+2c c+2a

Ta co:
a b c a’ b? c?
+ + == +— +—
a+2b b+2c c+2a a“+2ab b°+2bc c“+2ca

2
. (a+b+c) 1

~a’+b’+c?+2ab+2bc+2ca

8 4¥a

Nhu vay M > =

932 9

Dau "=" xay ra khi va chikhi a=b=c=

43/4
4 xay ra khi a:b:C:%

Vay gia tri nho nhat cia M =
Céu 3: (3 diém) Cho tam giac ABC nhon, khong can. Trén cac canh CA va AB lan luogt 1iy cac diém

E, F (khong tring véi cac dinh ciia tam giac) sao cho AE = AF . Trén dudng thang EF , 13y cac diém
M, N sao cho duong thing CM vudng goc v6i dudng thang CA va dudng thang BN vudng goc véi
duong thing BA. Goi K 14 giao diém cua hai duong thaing BN va CM .

a) Chtg minh rang KN = KM

b) Dung cac hinh binh hanh ANQF va AMRE . Chimg minh ring Z/NQK = /MRK

¢) Goi L, J 1an luot 14 hinh chiéu vudng goc cua cac diém M, N trén duong thang BC; S 1a giao diém
ctia hai duong thang JF va LE; T la diém dbi xtmg voi diém S qua dudng thang EF . Chirng minh rang
badiém A T, K th:flng hang

Loi giai:
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K
a) Vi tam gidc AEF cantai A (do AE = AF ) nén ZAEF = Z/AFE
Ma /MEC = ZAEF, ZNFB = ZAFE nén /MEC = Z/NFB
Mait khac ZFNB =90° - ZNFB, /MEC =90° - ZCME nén ZFNB = ZCME
Hay ZKNM = ZKMN
Do d6 tam giac KMN céan tai K
Vay KM =KN
b) Vi ANQF la hinh binh hanh nén QN = AF
Vi AMRE Ia hinh binh hanh nén AE = MR
Ma AE = AF nén QN = MR
Vi ANQF Ia hinh binh hanh nén QN || AF
Ma AF L NK (gt)nén QN L NK
Do d6 ZQNK =90°
Tuong tu ta c6 ZRMK =90°
Khi d6 ta c6 AKNQ = AKMR (c.g.c)
Suyra ZNQK = ZMRK (dpcm)
c)
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Trén canh EF lay diém U sao cho SU vudng goc voi BC
Ké KH vuong goc voi BC
Qua K ké duong thiang song song véi MN cit AB, AC tuwong tng tai X, Y
NJ NJ SU NF EU NF EU()
ML SU ML FU EM EM FU
VA NJ NJ KH NB CK CK NB( )
ML KH ML BK ML BK ML
Xét ANBF va AMCE c6

ZNBF = /MCE = 90°
ZBNF = ZCME (cmt)

Ap dung dinh 1i Thales ta c6:

Suy ra ANBF -~ AMCE

Dods NB_NF g
ML EM
EU CK
Tu (1),(2)va(3)suyra —=——(4
(1), (2) va (3) suy =T BK()

Taco: ZKYC = /MEC = ZAEF, /KXB = ZNFB = Z/AFE
Suy ra ZKYC = ZKXB
Xét AKYC va AKXB c6

ZKYC = ZKXB (cmt)
ZKCY = ZKBX =90°

Do d6 AKYC -~ AKXB (9.9)
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CKKY
Suyra —=—"_(5
e g T ©)

EU KY
T (4)va(5)suyra —=——
(4) va (5) suy FU " KX

Do d6 A, U, K thang hang

Goi A' @i ximg v6i A qua EF

K¢ AZ vuong goc voi BC

Taco: ZKAC + ZAKC =90°, «/BAZ + L/ABZ =90°, ZABZ = ZAKC

Do d6 ZBAZ = Z/CAK

T d6 suy ra LZAA = ZUAA

Vi U thuéc EF nén UA=UA'

Do d6 ZUA'A=LZUAA = LZZAN

Tur d6 suy ra UA'|| AZ

Ma AZ 1 BC nén UA' 1L BC

Suyra S,U, A' thang hang

Tirdotacd T,U, A thing hang

Vay T thuoc AK

Céu 4: (1 diém) Tim s nguyén duong k nho nhat sao cho véi moi cach sip xép 99 diém mau do va 100
diém mau xanh trén mat phang (khong c6 ba diém nao thang hang), ta ludn vé duoc k duong thang, moi
duong thang khong di qua diém nao trong cac diém trén va cac dudng thang d6 chia mit phang thanh céc
mién ma trong mdi mién khong c6 hai diém khac mau

Loi giai:

Xét da giac 16i 199 dinh v6i 99 diém t6 mau do va 99 diém t6 mau xanh xen k& nhau va 1 diém mau xanh
tuy y trén 1 duong tron

Da gidc c¢6 198 canh chira ca hai dinh mau xanh va mau dé

R& rang 1 duong thiang cat nhiéu nhat hai canh cua da giac trén va mdi canh chtra ca hai dinh ¢6 2 mau phai

dugc cit it nhat boi 1 duong thang nén sd duong thang it nhat 1a k > % =99

Ta chimg minh k =99 théa man yéu cin cua dé bai
Xét bao 10i S chira cac 199 diém
Truong hop 1: Néu bao 16i ¢6 1 diém do thi ta ké duoc mot duong thang chia thanh 2 mién don sic (chi

chtra mau do hodc mau xanh). V&i 98 diém d6 con lai, ta chia cac diém nay thanh 49 cip, v6i 2 diém A, B
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bat ki cing mau ta ké hai dudng thang song song véi AB va cach AB mot khoang nho dé tao ra mot mién
m&i ma mién nay chi chira dung hai diém A, B. Nhu vy ta can dung 1+49.2=99 duong thang

Trudng hop 2: Néu bao 16i gdm toan cac diém xanh thi ké mot duong thing song song, cach canh cia bao
16i khoang du nho thi ta tach dwoc hai diém xanh ra mot mién méi. Con 98 diém xanh, ta chia cac diém nay
thanh 49 cip, lam twong ty truong hop trén ta s& ké duge 49.2 = 98 dudng thing. Nhu viy ta can ké 99
duong thang, mdi diém xanh chi ndm trong mién chira toan cac diém xanh khéc.

Vay mink =99
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